Introduction
In recent years, finite-difference time-domain (FDTD) method for the analysis of elastic and acoustic wave fields has been applied in engineering fields. For example, sound field analyses of architectural structures [1] , the human body [2] and the atmosphere [3] have been performed. In addition, the elastodynamics of ultrasonic transducers [4] and electromechanical devices [5] have been analyzed. As mentioned in [6] , the FDTD method was first used by Madariaga [7] to model fault rupture dynamics. Virieux [8] and Levander [9] have since extended the technique to model seismic wave propagation in two-dimensional media, and the formulation for three-dimensional media has been outlined by Randall [10] and Yomogida and Etgen [11] . The extended formulation is referred to as the velocity-stress finite-difference method, or the staggered-grid finite-difference method. In the present study, this method is referred to as the FDTD method for use in the analysis of electromagnetic wave fields [12] .
The free boundary of solids is a common boundary condition in the analysis of elastic wave fields. In FDTD analysis, stress variables are used in combination with particle velocity variables and are positioned alternately along a straight line of spatially discrete points. In other words, different stress variables are not positioned on grids along the same straight line. Therefore, some variations of the formulation to realize the free boundary have been proposed, including zero-stress formulation (ZSF) and vacuum formulation (VAF) [6] . In addition, Sato and Nishizuka reported the free boundary formulation constructed using an electric transmission line analogy (TLF) [13] . Because VAF and TLF do not require additional grids in the free space, they are usually adopted in the analysis of elastodynamics problems such as seismic waves.
However, the author noticed that the calculation results, especially the surface acoustic waves, obtained using VAF and TLF are little different from those calculated using ZSF. Therefore, in the present report, ZSF, VAF and TLF are implemented and the obtained calculation results are compared. It was found that the horizontal element of surface acoustic waves calculated using VAF and TLF is smaller than those derived using ZSF.
Some formulations of a free boundary
The plane strain half space condition of an isotropic homogeneous solid is considered. The staggered lattice configuration is shown in Fig. 1 . The locations of each elastic variable, stress and particle velocity on the lattice are also shown in Fig. 1 .
Zero-stress formulation (ZSF)
Here, the formulation provided in [6] is used. The thick solid line in Fig. 1 indicates a free surface. The Lamé constants ! and " are confined on the normal stress nodes. The shear modulus " and mass density & are defined on the shear stress nodes and particle velocity nodes, respectively.
The boundary condition on the free surface is that the normal stress T 3 and the shear stress T 5 are zero. Therefore, in Fig. 1 , the stress variables must comply with the following group equations:
The symbol on the right-hand side of each stress variable is the lattice number in the z-direction. Using Eq. (1), the particle velocity variables above the free surface can be determined by substituting these equations into the stressstrain equations, which gives the following group equations:
Here, the symbols to the right of the square brackets indicate the lattice number in the z-direction. The notation D i (i ¼ x or z) represents the centered, second-order approximation to the differential @=@i in the i direction.
Vacuum formulation (VAF)
In vacuum formulation, we let c P ; c S ; & ! 0 in the region above the free surface. Here, c p , c S and & are the longitudinal wave velocity, the shear wave velocity and the mass density, respectively. This method is advantageous in that it is not necessary to change the formulation on or near the free surface. This facilitates the implementation of the step-wise approximation of free surfaces with complex shapes.
In the present report, the formulation proposed by Ohminato and Chouet. is used [14] . The procedure for the implementation of the free boundary is to set the free surface on the line k þ 1=2, allocate the Lamé constant " at the grids of T 5 and set the constant to zero, and adapt the boundary condition T 3 j kÀ1=2 ¼ ÀT 3 j kþ1=2 . 2.3. Formulation using the electrical transmissionline analogy (TLF) Sato and Nishizuka proposed a new method of implementing the free boundary [13] . This implementation was derived using the electrical transmissionline analogy (See [13] ).
On the free surface, the perpendicular element of particle velocity vector _ u u 3 j kÀ1=2 is connected to only one neighboring stress T 3 j k node below. Therefore, the equation of motion at the _ u u 3 j kÀ1=2 nodes is approximated by the first-order spatial finite difference. Note that one-quarter of the mass density is defined at the node. In addition, the shear stress is T 5 j k ¼ 0. Finally, on the free surface, the equation of motion at the horizontal element of the particle velocity vector _ u u 1 j k is approximated by the center finite difference in the x-direction and the first-order finite difference in the z-direction using three-quarters of the mass density.
Comparison of the results of calculation by three free boundary formulations
The analysis model for the benchmark test of the free boundary implementations introduced in the proceeding section is shown in Fig. 2 . The upper and left sides are free and symmetrical boundaries, respectively. The right and lower sides are truncated boundaries with no boundary conditions. The vibration source is a body force in the z-direction. The depth of the source is 40 m under the free surface. Model analysis allows an observation of the reflection characteristic from the free boundary and a view of the buildup of the surface acoustic wave on the free surface.
The waveform is sinusoidal with one period. In order to avoid a strong spatial contrast of the source, five body forces of different amplitudes, 1, 0.85, 0.5, 0.15, and 0, from the symmetric boundary in the x-direction, are given on the _ u u 3 lattice points shown in Fig. 2 . The input signal is the body force in the z-direction for which the waveform is a oneperiod (40Át) sinusoidal wave. The distances of the spatial grids, Áx and Áz, are assumed to be equal, Áx ¼ Áz ¼ Ád. In addition, c P =ðÁd=ÁtÞ ¼ 0:5, where c P is the phase velocity of the longitudinal wave. The medium constants and the calculation conditions are listed in Table 1 .
The calculation results are shown in Figs. 3-5. The particle velocity vectors in the region of the analysis model in Fig. 2 are shown in Fig. 3 . The time step is 320 when the longitudinal wave generated from the input source reaches the
Spatial staggered grid configuration of the wave fields in an isotropic solid. The integers l and k denote lÁx and kÁz, respectively. Áx and Áz are discrete distances in the x-and z-directions, respectively. The distributions of the elastic variables and constants are shown in the figure. The normal and the shear stresses are indicated by and , respectively. The particle velocities in the x-and z-directions are indicated by and , respectively. The Lamé constants ! and " are defined on the normal stress nodes. The shear modulus " and mass density & are defined on the shear stress nodes and particle velocity nodes, respectively. bottom surface. The free boundary is implemented using ZSF. The waveforms in Fig. 4 are particle velocity distributions on the free surface. The perpendicular and horizontal components of the particle velocities are shown in Figs. 4(a) and 4(b), respectively. The perpendicular particle velocities of the three formulations are in good agreement with each other. The horizontal elements, however, are slightly different. The amplitudes of the waveform calculated using VAF and TLF are smaller than that using ZSF. The same phenomenon was reported by Graves (see Figs. 7(a) and 8(a) in [6] ). The reason for this remains unclear. However, the antisymmetric condition of the stress between the area above the free boundary and that below the free boundary is thought to be not precisely satisfied in VAF and TLF. Figure 5 shows the waveforms of the particle velocities along line A, 45 degrees from the free surface, as indicated in Fig. 2 . When we carefully examine Fig. 3 , we can recognize that the direct waves from the source and the waves reflected from the free boundary interfere with each other. Therefore, the particle velocities along line A will show the reflection characteristic from the free surface of the waves. The x-and zdirectional elements of the particle velocity vector are shown in Figs. 5(a) and 5(b) , respectively. The calculation results obtain using the three methods are in good agreement. Therefore, it can be concluded that the reflection characteristic from the free boundary is precisely expressed by the three formulations.
Conclusion
The calculated results obtained using various FDTD free boundary formulations for the analysis of the elastic wave fields in isotropic solids have been compared. Three formulations, ZSF, VAF and TLF, were adopted and compared. The plane strain half space problem was used as a benchmark test. The wave source was a z-direction body force that was applied under the free surface. The depth of the source position was approximately one wavelength of the longitudinal wave. In order to investigate the buildup of the surface acoustic waves and the reflection characteristics from the free boundary, the distributions of the particle velocity vectors on the free surface and along line A, 45 degrees from the free surface, were analyzed and compared. The distribution is that Table 1 . at the time step 320 as calculated for the situation shown in Fig. 3 . The solid line is the result calculated using TLF for implementation of the free surface. The short and long dotted lines denote the results obtained using ZSF and VAF, respectively. Figures 4(a) and 4(b) show the particle velocities in the x-and zdirections, respectively. The x-directional element of the particle velocity vector as calculated using ZSF is approximately 50% larger than the results obtained using the other formulations. However, the particle velocities in the z-direction are in good agreement with each other.
for the time at which the P-wave generated from the source reached the bottom surface in the z-direction. On the free surface, the perpendicular elements of the particle velocity vectors of the surface acoustic waves coincided for the three calculations. However, the amplitude of the horizontal element of the surface acoustic wave calculated using the ZSF was larger than those calculated using the other two formulations.
On the other hand, the waveforms of the particle velocity vector along line A in Fig. 2 , as calculated using the three formulations, were in good agreement. Therefore, the reflection characteristic from the free surface is calculated precisely using all formulations.
Only the horizontal amplitudes of the particle velocity of the surface acoustic waves are thought to be inaccurate. In [6] , ZFS is reported to be more precise than VAF. Therefore, in VAF and TLF, the free boundary condition is thought not to be precise. For example, the antisymmetric stress condition is not accurate.
The author is currently considering a staggered grid that does not require a virtual lattice and can be used to derive precise calculation results for surface acoustic waves, which will be reported soon [15] . Thus, the three free boundary formulations are all accurate with respect to the reflection characteristic from the free boundary.
